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$\dot{X}_{j}^{(\sigma)}(t)=F(X_{j}^{(\sigma)})+\frac{1}{N}\sum_{k=1}^{N}G(X_{j}^{(\sigma)}, X_{k}^{(\sigma)})+\sqrt{D_{0}}\xi_{j}^{(\sigma)}(t)+\epsilon_{p}p_{\sigma}(t)+\frac{\epsilon_{g}}{N}\sum_{k=1}^{N}G_{\sigma\tau}(X_{j}^{(\sigma)}, X_{k}^{(\tau)})$ .
(1)
$X_{j}^{(\sigma)}(t)$
$\sigma$ $j$ $t$ (1)
( $D_{0}\geq 0$), (
$\epsilon_{p}\geq 0)$ , ( $\epsilon_{g}\geq 0$ )
$N$
$(i.e., G, \sqrt{D_{0}}\xi_{j}^{(\sigma)}, \epsilon_{p}p_{\sigma}, \epsilon_{g}G_{\sigma\tau})$




$\sigma$ $j$ $t$ $l2,$
( $D$),
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$Z$
[1,2]. $\Gamma$ $\Gamma_{\sigma\tau}$ [1,2].
$(i.e., Narrow\infty)$
Langevin (2) $\sigma$ $f^{(\sigma)}(\phi, t)$
Fokker-Planck [1-3, 8-12]:
$\frac{\partial}{\partial t}f^{(\sigma)}(\phi, t)=-\frac{\partial}{\partial\phi}[\{\omega+\int_{0}^{2\pi}d\phi’\Gamma(\phi-\phi’)f^{(\sigma)}(\phi’, t)\}f^{(\sigma)}(\phi, t)]+D\frac{\partial^{2}}{\partial\phi^{2}}f^{(\sigma)}(\phi, t)$
$- \epsilon_{p}\frac{\partial}{\partial\phi}[Z(\phi)f^{(\sigma)}(\phi, t)]\cdot p_{\sigma}(t)-\epsilon_{g}\frac{\partial}{\partial\phi}[\int_{0}^{2\pi}d\phi’\Gamma_{\sigma\tau}(\phi-\phi’)f^{(\tau)}(\phi’, t)f^{(\sigma)}(\phi, t)].$
(3)
: $\int_{0}^{2\pi}d\phi f^{(\sigma)}(\phi, t)=1$ . (3)
1 2 $\sigma$ 3 4
$\epsilon_{p}=\epsilon_{g}=0$ [1, 2].
$(\epsilon_{p}$ $\epsilon_{g})$ Fokker-Planck
(3) ( $B$ ) [8-12]:
$\ominus(\sigma)(t)=\Omega+\epsilon_{p}\zeta(\Theta^{(\sigma)})\cdot p_{\sigma}(t)+\epsilon_{g}\gamma_{\sigma\tau}(\Theta^{(\sigma)}-\Theta^{(\mathcal{T})})$ . (4)
$\Theta^{(\sigma)}(t)\in[0,2\pi)$ $\sigma$ ( ) $\Omega$
(4)
$\zeta$ $Z$ [2,9, 12]:
$\zeta(\Theta^{(\sigma)})=\int_{0}^{2\pi}d\varphi Z(\varphi+\Theta^{(\sigma)})k_{0}(\varphi)$ . (5)
$\gamma_{\sigma\tau}$
$\Gamma_{\sigma\tau}$ [2, 10, 12]:
$\gamma_{\sigma\tau}(\Theta^{(\sigma)}-\Theta^{(\tau)})=\int_{0}^{2\pi}d\varphi\int_{0}^{2\pi}d\varphi’\Gamma_{\sigma \mathcal{T}}(\varphi-\varphi’+\Theta^{(\sigma)}-\Theta^{(\tau)})k_{0}(\varphi)f_{0}(\varphi’)$ . (6)
$\epsilon_{p}=\epsilon_{g}=0$ Fokker-Planck (3) $f_{0}(\varphi)$
$u_{0}^{*}(\varphi)$ [8-12]: $k_{0}(\varphi)=-f_{0}(\varphi)du_{0}^{*}(\varphi)/d\varphi.$
1
(2) (4) A B
1:
interacting groups of globally coupled noisy limit-cycle oscillators $X_{j}^{(\sigma)}(t)$
$\downarrow$ lst phase reduction
interacting groups of globally coupled noisy phase oscillators $\phi_{j}^{(\sigma)}(t)$
$\downarrow$ mean-field theory
coupled nonlinear Fokker-Planck equations $f^{(\sigma)}(\phi, t)$
$\downarrow$ 2nd phase reduction




: $X=(X, Y),$ $F=(F_{X}, F_{Y}),$ $G=G_{\sigma\tau}=(Gx, 0),$ $\xi=(\xi x, 0),$ $p=(px, 0)$ .
$F_{X},$ $F_{Y},$ $G_{X}$ [13,14]:
$F_{X}(X)= \frac{v-X}{r}-(\frac{C_{h}\exp(0.5X)}{1+C_{h}\exp(X)}+a\exp(X))(1-Y)$ , (7)
$F_{Y}(X)= \frac{1}{s}(\frac{\exp(0.5X)}{1+C_{h}\exp(X)}(1-Y)-\frac{bC_{h}\exp(2X)}{cC_{h}+\exp(X)}Y)$ , (8)
$G_{X}(X, X’)= \frac{K}{r}(X’-X)$ . (9)
[14] : $a=0.3,$ $b=0.00006,$ $c=$ 0.001, $C_{h}=1600,$
$s=0.O1,$ $r=20.0,$ $v=15.0,$ $K/r=0.0025$ . $X_{0}(\phi)$ ,
$Z_{X}(\phi)$ , $\Gamma(\phi)$ 1
$-7.0 -6.0 -5.0 -4.0 -3.0 -2.0 -1.0 -\pi -\pi/2 0 \pi/2 \pi$
$X$
$\phi$
$-\pi -\pi/2 0 \pi/2 \pi -\pi -\pi/2 0 \pi/2 \pi$
$\phi$
$\phi$
1: (a) $X_{0}(\phi)$ . $(b)$ $X_{0}(\phi)$ .
(c) $Z_{X}(\phi)$ . (d) $\Gamma(\phi)$ . :
$a=0.3,$ $b=0.00006,$ $c=$ 0.001, $C_{h}=1600,$ $s=0.O1,$ $r=20.0,$ $v=15.0$ .






2: (a) $f_{0}(\varphi)$ . (b) $u_{0}(\varphi)$ . (c)
$u_{0}^{*}(\varphi)$ . $(d)$ $k_{0}(\varphi)$ . $K/r=0.0025$ , $D_{0}=0.00025.$
$\Theta$ $\Theta$
3: (a) $Z_{X}(\Theta)$ $\zeta_{X}(\Theta)$ .
(b) $\Gamma(\Theta)$ $\gamma(\Theta)$ . $\Gamma(\Theta)$
( ) $\gamma(\Theta)$ ( )
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$u_{0}(\varphi)=df_{0}(\varphi)/d\varphi$ , $u_{0}^{*}(\varphi)$ , $k_{0}(\varphi)$ 2
$\zeta_{X}(\Theta)$ $\gamma(\Theta)$ 3
3(b) $\Theta=0,$ $\pm\pi$ (i.e.,




$\frac{1}{N}\sum_{j=1}^{N}e^{i\phi_{j}^{(\sigma)}(t)}\simeq\int_{0}^{2\pi}d\phie^{i\phi}f^{(\sigma)}(\phi, t)\simeq\int_{0}^{2\pi}d\phi e^{i\phi}f_{0}(\phi-\Theta^{(\sigma)}(t))=R_{0}e^{i\Theta^{(\sigma)}(t)}$ . (10)



















$X(t)=X_{0}(\phi) , \dot{\phi}(t)=\omega$ . (A2)




$X(t)=X_{0}(\phi)+u(\phi, t)$ . (A4)
(A4) (Al) $u(\phi, t)$ :




$\hat{J}(\phi)=\frac{\partial F(X_{0}(\phi))}{\partial X_{0}(\phi)}$ . (A7)
$\hat{L}(\phi)$ $\phi$ Floquet
:
$[u^{*}( \phi), u(\phi)]=\frac{1}{2\pi}\int_{0}^{2\pi}d\phi u^{*}(\phi)\cdot u(\phi)$ . (A8)
$\hat{L}(\phi)$ :












$U_{0}( \phi)=\frac{d}{d\phi}X_{0}(\phi)$ . (A14)
(A14) (A8) $U_{0}^{*}(\phi)$
:







$U_{0}^{*}(\phi)\cdot U_{0}(\phi)=1$ . (A17)
A.3
:







$=\omega+\epsilon U_{0}^{*}(\phi)\cdot p(t)$ . (A19)
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$\frac{\partial}{\partial t}f(\phi, t)=-\frac{\partial}{\partial\phi}[\{v(\phi)+\int_{0}^{2\pi}d\phi’\Gamma(\phi, \phi’)f(\phi’, t)\}f(\phi, t)]+D\frac{\partial^{2}}{\partial\phi^{2}}f(\phi, t)$. (Bl)
(3) : $v(\phi)=\omega,$ $\Gamma(\phi, \phi’)=\Gamma(\phi-\phi’)$ . (Bl)
$f_{0}(\phi, \Theta)$ :
$f(\phi, t)=f_{0}(\phi, \Theta) , \dot{\Theta}(t)=\Omega$ . (B2)
$\Theta$ $\Omega$ (B2) (Bl)
$f_{0}(\phi, \Theta)$ :
$\Omega\frac{\partial}{\partial\Theta}f_{0}(\phi, \Theta)=-\frac{\partial}{\partial\phi}[\{v(\phi)+\int_{0}^{2\pi}d\phi’\Gamma(\phi, \phi’)f_{0}(\phi’, \Theta)\}f_{0}(\phi, \Theta)]+D\frac{\partial^{2}}{\partial\phi^{2}}f_{0}(\phi, \Theta)$. (B3)
$u(\phi, \Theta, t)$ :
$f(\phi, t)=f_{0}(\phi, \Theta)+u(\phi, \Theta, t)$ . (B4)
(B4) (Bl) $u(\phi, \Theta, t)$ :
$\frac{\partial}{\partial t}u(\phi, \Theta, t)=\hat{L}(\phi, \Theta)u(\phi, \Theta, t)$ . (B5)
$\ovalbox{\tt\small REJECT} fF_{/}^{\nearrow\prime}ffi_{\backslash }^{\backslash}g\neq\hat{L}(\phi, \Theta)$ :
$\hat{L}(\phi, \Theta)u(\phi, \Theta)=[j(\phi, \Theta)-\Omega\frac{\partial}{\partial\Theta}]u(\phi, \Theta)$ . (B6)
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$j(\phi, \Theta)$ :
$j( \phi, \Theta)u(\phi, \Theta)=-\frac{\partial}{\partial\phi}[v(\phi)u(\phi, \Theta)]-\frac{\partial}{\partial\phi}[u(\phi, \Theta)\int_{0}^{2\pi}d\phi’\Gamma(\phi, \phi’)f_{0}(\phi’, \Theta)]$
$- \frac{\partial}{\partial\phi}[f_{0}(\phi, \Theta)\int_{0}^{2\pi}d\phi’\Gamma(\phi, \phi’)u(\phi’, \Theta)]+D\frac{\partial^{2}}{\partial\phi^{2}}u(\phi, \Theta)$ . (B7)
$(\phi, \Theta)$ $\Theta$ Floquet
:
$[u^{*}( \phi, \Theta, u(\phi, \Theta)]=\frac{1}{2\pi}\int_{0}^{2\pi}d\Theta\int_{0}^{2\pi}d\phi u^{*}(\phi, \Theta)u(\phi, \Theta)$ . (B8)
$\hat{L}(\phi, \Theta)$ :
$[u^{*}(\phi, \Theta),\hat{L}(\phi, \Theta)u(\phi, \Theta)]=[\hat{L}^{*}(\phi, \Theta)u^{*}(\phi, \Theta), u(\phi, \Theta)]$ . (B9)
$(\phi, \Theta)$ :
$\hat{L}^{*}(\phi, \Theta)u^{*}(\phi, \Theta)=[j^{*}(\phi, \Theta)+\Omega\frac{\partial}{\partial\Theta}]u^{*}(\phi, \Theta)$. (B10)
$j*(\phi, \Theta)$ :
$j*( \phi, \Theta)u^{*}(\phi, \Theta)=v(\phi)\frac{\partial}{\partial\phi}u^{*}(\phi, \Theta)+[\int_{0}^{2\pi}d\phi’\Gamma(\phi, \phi’)f_{0}(\phi’, \Theta)]\frac{\partial}{\partial\phi}u^{*}(\phi, \Theta)$
$+ \int_{0}^{2\pi}d\phi’\Gamma(\phi’, \phi)f_{0}(\phi’, \Theta)\frac{\partial}{\partial\phi’}u^{*}(\phi’, \Theta)+D\frac{\partial^{2}}{\partial\phi^{2}}u^{*}(\phi, \Theta)$ . (Bll)
B.2 Floquet
Floquet :
$\hat{L}(\phi, \Theta)u_{0}(\phi, \Theta)=[j(\phi, \Theta)-\Omega\frac{\partial}{\partial\Theta}]u_{0}(\phi, \Theta)=0$ , (B12)
$\hat{L}^{*}(\phi, \Theta)u_{0}^{*}(\phi, \Theta)=[j^{*}(\phi, \Theta)+\Omega\frac{\partial}{\partial\Theta}]u_{0}^{*}(\phi, \Theta)=0$ . (B13)
(B3) $\Theta$ $u_{0}(\phi, \Theta)$
:
$u_{0}( \phi, \Theta)=\frac{\partial}{\partial\Theta}f_{0}(\phi, \Theta)$ . (B14)
(B14) (B8) $u_{0}^{*}(\phi, \Theta)$
:
$[u_{0}^{*}( \phi, \Theta), u_{0}(\phi, \Theta)]=\frac{1}{2\pi}\int_{0}^{2\pi}d\Theta\int_{0}^{2\pi}d\phi u_{0}^{*}(\phi, \Theta)u_{0}(\phi, \Theta)=1$ . (B15)
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:$\frac{\partial}{\partial\Theta}[\int_{0}^{2\pi}d\phi u_{0}^{*}(\phi, \Theta)u_{0}(\phi, \Theta)]$
$= \int_{0}^{2\pi}d\phi[u_{0}^{*}(\phi, \Theta)\frac{\partial}{\partial\Theta}u_{0}(\phi, \Theta)+u_{0}(\phi, \Theta)\frac{\partial}{\partial\Theta}u_{0}^{*}(\phi, \Theta)]$
$= \frac{1}{\Omega}\int_{0}^{2\pi}d\phi[u_{0}^{*}(\phi, \Theta)j(\phi, \Theta)u_{0}(\phi, \Theta)-u0(\phi, \Theta)j^{*}(\phi, \Theta)u_{0}^{*}(\phi, \Theta)]$
$=0$ . (B16)
$u_{0}^{*}(\phi, \Theta)$ :
$\int_{0}^{2\pi}d\phi u_{0}^{*}(\phi, \Theta)u_{0}(\phi, \Theta)=1$. (B17)
B.3 Fokker-Planck
Fokker-Planck :
$\frac{\partial}{\partial t}f(\phi, t)=-\frac{\partial}{\partial\phi}[\{v(\phi)+\int_{0}^{2\pi}d\phi’\Gamma(\phi, \phi’)f(\phi’, t)\}f(\phi, t)]+D\frac{\partial^{2}}{\partial\phi^{2}}f(\phi, t)$
$- \epsilon\frac{\partial}{\partial\phi}[Z(\phi)f(\phi, t)]\cdot p(t)$ (B18)
$\epsilon p(t)$ :
$\dot{\Theta}(t)=\int_{0}^{2\pi}d\phi u_{0}^{*}(\phi, \Theta)\frac{\partial}{\partial t}f(\phi, t)\simeq\Omega-\epsilon\int_{0}^{2\pi}d\phi u_{0}^{*}(\phi, \Theta)\frac{\partial}{\partial\phi}[Z(\phi)f_{0}(\phi, \Theta)]\cdot p(t)$. (B19)
$\int_{0}^{2\pi}d\phi u_{0}^{*}(\phi, \Theta)_{\partial i}^{\partial}fo(\phi, \Theta)=\Omega\int_{0}^{2\pi}d\phi u_{0}^{*}(\phi, \Theta)uo(\phi, \Theta)=\Omega.$
:
$\dot{O}-(t)=\Omega+\epsilon\zeta(\Theta)\cdot p(t)$ . (B20)
$\zeta(\Theta)$ :
$\zeta(\Theta)=\int_{0}^{2\pi}d\phi Z(\phi)[f_{0}(\phi, \Theta)\frac{\partial}{\partial\phi}u_{0}^{*}(\phi, \Theta)]$ . (B21)
(B13) $u_{0}^{*}(\phi, \Theta)$ :
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